We give some necessary conditions for maximality of 0/1-determinant. Let M be a nondegenerate 0/1-matrix of order n. Denote by A the matrix of order n + 1 which appears from M after adding the (n + 1)th row (0, 0, . . . , 0, 1) and the (n + 1)th column consisting of 1's. Suppose A −1 = (l ij ), then for all i = 1, . . . , n we have n+1 j=1 |l ij | ≥ 2. Moreover, if | det(M)| is equal to the maximum value of a 0/1-determinant of order n, then n+1 j=1 |l ij | = 2 for all i = 1, . . . , n.
Introduction
In this paper we present some properties of 0/1-matrices. Our approach to achieve these results lies in the field between linear algebra and geometry of convex bodies. At the same time, we demonstrate new examples how geometric results can be expressed by means of linear algebra. This is why we start with necessary geometric definitions.
Assume n ∈ N, Q n := [0, 1] n . Let S be a nondegenerate simplex S ⊂ R n . Denote by σS the homothetic copy of S with center of homothety at the center of gravity of S and ratio σ. By symbol d i (S) we mean the ith axial diameter of S, i. e. the length of a longest segment in S parallel to the ith coordinate axis. The notion of axial diameter of a convex body was introduced by Paul Scott (see [12] and [13] ). Let us define α(S) as the minimal σ > 0 such that Q n is a subset of a translate of σS. Consider the value ξ(S) := min{σ ≥ 1 : Q n ⊂ σS}. Obviously, for any simplex S, we have α(S) ≤ ξ(S). By definition, put ξ n := min{ξ(S) : S n-dimensional simplex, S ⊂ Q n , vol(S) = 0}.
Remark that all the values d i (S), α(S), and ξ(S) can be calculated with the use of vertices of S. Denote these vertices by
(j) n , 1 ≤ j ≤ n + 1, and define the following node matrix of the simplex S:
. Denote by ∆ j (x) the determinant obtained from ∆ by changing the jth row with the row (x 1 , . . . , x n , 1). Linear polynomials λ j (x) :=
Since each linear polynomial p can be represented in the form
we call λ j basic Lagrange polynomials related to S. By taking p(x) = x 1 , . . . , x n , 1, we get the equalities
Consequently, λ j (x) are the barycentric coordinates of a point x ∈ R n with respect to S. The simplex S can be determined by the system of relations
The ith axial diameter of S satisfies the equality
There exist only one line segment in S with the length d i (S) parallel to the ith coordinate axis. Each (n − 1)-facet of S contains at least one of the endpoints of this segment. The center c (i) of the segment can be expressed through the numbers l ij and vertices x (j) :
If Q n ⊂ S, then we have
where ver(Q n ) denotes the set of vertices of Q n . The equalities (2)- (4) were obtained in [4] . It was proved in [5] that
Being combined with (2), formula (5) implies the following simple connection between α(S) and elements of A −1 :
If S ⊂ Q n , then d i (S) ≤ 1. Applying (5), we get under this assumption ξ(S) ≥ α(S) ≥ n. Consequently, ξ n ≥ n. Various properties and estimates of the introduced characteristics are collected in [6] . Later on some of these estimates were improved or supplemented in [7] , [8] , [9] , [10] . Let us mention here some results of the authors concerning ξ n .
It is clear that ξ 1 = 1. The exact value of ξ 2 is equal to
. Hence, for any n, we have n ≤ ξ n < n + 1. Nowadays the exact values of ξ n are known for n = 2, n = 5, n = 9 and for the infinite set of n such that there exists an Hadamard matrix of order n+1. (For Hadamard matrices see, e. g., [1] , [2] .) It is very interesting that in all these cases except n = 2 holds the equality ξ n = n. Still it remains unknown whether there exists an even n with such a property. For all n, if any simplex S satisfies S ⊂ Q n ⊂ nS, then the center of gravity of S coincides with the center of the cube.
In [10] the authors introduced the notion perfect simplex for such a simplex S ⊂ Q n that Q n is inscribed into the simplex ξ n S. The existence of perfect simplices earlier was known only for n = 1 and n = 3. Our approach made it possible to prove that such simplices also exist in R 5 .
Marek Lassak [3] was the first who proved that if a simplex S ⊂ Q n has the maximum possible volume, then
Another way to get (7) was given in [5] , where it was shown that for any maximum volume simplex S ⊂ Q n we have α(S) = n. In view of (5) this is equivalent to (7) . By a/b-matrix, we mean a matrix, whose any element is equal to one of two numbers a or b. Values h n and g n are defined as maximum determinants of 0/1 and −1/1-matrices of order n respectively. Denote by ν n the maximum volume of an n-dimensional simplex contained in Q n . These numbers are connected by the equalities g n+1 = 2 n h n , h n = n! ν n , see [2, Theorem 2.1]. If maximum 0/1-determinant of order n is known, it is possible to construct a maximum volume simplex in Q n . Let us enlarge the row set of such a determinant by the row (0, . . . , 0). Then simplex S with these vertices is contained in Q n and has maximum possible volume. Actually, consider for S the node matrix A of order n + 1, see Section 1. Then
Nonzero vertices of an n-dimensional simplex in Q n with maximum volume one can also obtain in the same way using the columns of a maximum 0/1-determinant of order n.
On the other hand, if any n-dimensional simplex S ⊂ Q n with the zerovertex has maximum possible volume among all simplices in Q n , then the coordinates of its non-zero vertices, being written in rows or in columns, form maximum 0/1-determinants of order n.
Main Results
Theorem 1. Suppose M is an arbitrary nondegenerate 0/1-matrix of order n. Let A be the matrix of order n + 1 which appears from M after adding the (n + 1)th row (0, 0, . . . , 0, 1) and the (n + 1)th column consisting of 1's. Denote A −1 = (l ij ). Then the following propositions hold true.
For all
3. If for some i we have the strong inequality
Proof. Consider the simplex S with the zero-vertex and the rest vertices coinciding in coordinate form with the rows of M. Obviously, A is the node matrix of S. Since det(A) = det(M) = 0, simplex S is nondegenerate. Since M is a 0/1-matrix, we have S ⊂ Q n . Therefore, d i (S) ≤ 1. Combined with the formula for the axial diameters, see (2) , this gives (8) .
Now assume that | det(M)| = h n . Then we have
Thus, S is a simplex with maximum possible volume in Q n . As it was noted above, for such a simplex all the axial diameters d i (S) are equal to 1, see (7) . According to (2) we obtain the conditions (9). Finally, if there exists i such that we have the strong inequality (10), then the corresponding axial diameter satisfies d i (S) < 1. Therefore, in this case the volume of S is not maximum and the absolute value of the determinant of 0/1-matrix M is strictly smaller than h n . The theorem is proved.
The inverse proposition to the second part of Theorem 1 is not true. As a simple example, consider the case when M is the identity matrix of order n. Clearly, | det(M| = h n only for n = 1. But since
, the equalities (9) are fulfilled for all n and i = 1, . . . , n. The corresponding simplex S is "the corner simplex" in Q n . Nonzero vertices x (1) , . . . x (n) of S coincide with the standard basis of R n and the last vertex x (n+1) is (0, . . . , 0).
Actually, though all the axial diameters d i (S) are equal to 1, the volume of S becomes maximum only in trivial case n = 1. Now let us note that 0/1-matrices having maximum determinant can be obtained from maximum −1/1-determinant matrices. Let U be an nondegenerate −1/1-matrix of order n + 1 and T be a 0/1-matrix of order n. Suppose these matrices are connected by the following procedure considered in [2, Section 2].
1. Each column of U which starts with −1 we multiply by −1.
2. Each row of the new matrix which starts with −1 we also multiply by −1. Denote by V the matrix of order n + 1 coming out after steps 1 and 2. Both the first column and the first row of this −1/1-matrix now completely consist of 1's.
3. Denote by W the submatrix of V which stands in rows and columns numbering 2, . . . , n + 1. Let us change the elements of W replacing 1 by 0 and −1 by 1. By definition, T is equal to the resulting matrix of order n.
Theorem 2. We have the equality
Proof. We utilize the arguments from [2] . Define simplices D 1 , D 2 , and D 3 as follows. Let D 1 be the (n+1)-dimensional simplex with zero-vertex and the rest vertices coinciding with the rows of V. Assume D 2 is the n-dimensional simplex with one vertex (1, . . . , 1) and the rest vertices corresponding to the rows of W. Finally, let D 3 be the n-dimensional simplex whose one vertex is 0 and the rest are given by the rows of T. Clearly,
Non-zero vertices of D 1 belong to the facet x 1 = 1 of the cube [−1, 1] n , therefore, the height of D 1 dropped from the zero-vertex, is equal to 1. Further, simplex D 2 is congruent to the facet of D 1 lying on the indicated cube facet. It means that
denote 1's. Using the notations of Section 2 we will call this matrix U. In this case n = 100. Following the procedure described above, let us transform U to 0/1-matrix T of order 100. The resulting matrix is shown on Figure 2 . In this case white squares represent 0's, black squares denote 1's. We will apply Theorem 1 for M = T. Let us build the matrices A and A −1 and calculate the sums in the left part of (8) . This gives As we see, for i = 1, 2, 3, 4 strict inequality 10 holds. It follows from Theorem 1 that | det(T)| < h 100 , i. e., determinant of T is not maximum 0/1-determinant of order 100. Consequently, by Theorem 2, determinant of matrix U is not maximum −1/1-determinant of order 101. If we consider the matrix A as the node matrix of the corresponding simplex S, we will find that some axial diameters of S are lesser than 1. Indeed, formula (2) gives 
